Abstract. Analysis of eigenfunctions and eigenvalues of the Laplacian is important in the understanding of distributed parameter vibration systems and quantum mechanics. The elliptical domain is advantageous for such work because it allows the explicit representation of eigenfunctions as products of the Mathieu functions. In [Ann. Phys., 9 (1960), pp. , Keller and Rubinow used wave propagation, geometrical optics, and WKB methods to show that two special types of eigenmodes, whispering gallery and bouncing ball modes, exist on a general convex domain, and they illustrated the case of an elliptical domain. In this paper, we develop a numerical package of the Mathieu and modified Mathieu functions to actually construct profiles of a sequence of eigenfunctions in order to visualize such special eigenmodes and others. In the process, we have also been able to observe a new type of transition state named "focusing modes" herein, which seem to have a complementary behavior to the bouncing ball modes. Numerical eigenvalues are tabulated for comparison and some discussions on the "focusing modes" are presented.
1. Introduction. The analysis of eigenfunctions and eigenvalues of the Laplacian is important in applications [5] , [6] . Such a problem often arises from the separation of space and time variables either of the wave equation modelling a vibrating membrane and acoustic oscillations, or of the Schr6dinger equation in quantum mechanics. We write the problem as (P) Find b." f2 --C and . , , 6 C for n 1,2 such that 2 /xq(x) + .,q,,(x) 0 Vx f. tPn satisfies certian boundary conditions on Off.
In the above, f2 denotes a bounded open domain in ]K N with sufficiently smooth boundary 9f2, and C is the complex number field. Numerous articles on this problem have been published by researchers. One of the most outstanding papers among them was written by Keller and Rubinow (K-R) [8] in 1960. In that paper, K-R used wave propagation and the WKB expansion to estimate the eigenvalues and eigenfunctions of (P) and obtained highly accurate asymptotic solutions. (See also some more recent treatments in Babi and Buldyrev [2] , and Ramm [12] .) Qualitatively, K-R [8] also confirmed the existence of eigenmodes of certain special types, called the whispering gallery and bouncing ball modes. The whispering gallery mode in acoustics was first pointed out by Lord Rayleigh in 1910, who showed that at certain high frequencies sound waves exhibit a particle behavior like a ball sliding along the boundary of a circular domain. The (eigen)mode profile is essentially different from zero only in a thin strip adjacent to the boundary 8f2, as shown in Fig. 1 . Consequently, a person who speaks near the wall of a convex room can be heard across the room near the wall, but not in the interior of the room. Elsewhere in quantum mechanics, the normalized eigenfunction q, (x) in (P) signifies, for example, that the probability of finding an electron, with an energy level proportional to distribution of electrons (or "electron clouds") will be uneven in f2, where one can "capture an electron" with the largest probability only on a proper subdomain of f2. One type of such a subdomain is exhibited in Fig. 1 , where a whispering gallery mode is manifest. Another type of subdomain, shown in Fig. 2 , is formed by a thin strip around the line segment which is the shortest diameter of the domain. This is a bouncing ball mode displaying the behavior of a particle bouncing back and forth on the wall. The eigenfunction decays exponentially fast across the bounding curves of these strips in Figs. and 2 K-R [8] dealt with a general convex domain, but for special geometries such as circular, elliptical, rectangular and equilateral triangular domains in IK2, K-R [8] showed explicitly how to estimate the eigenfunctions and eigenvalues asymptotically. As whispering gallery and bouncing ball modes form only a subgroup of the total set of eigenmodes, [8] also showed the conditions when they will occur on circular and elliptical domains. Nevertheless, the actual shapes of these modes have never been carefully illustrated until recently. In [4] , the authors used the information from [8] to plot the profiles of some whispering gallery modes on a disk (cf. Figs. 5 and 6 therein) and further used the asymptotic properties of such modes to elucidate some mathematical theorems of a functional analysis nature. However, profiles of bouncing ball modes do not seem to have been plotted before (until now), to the best of our knowledge.
The lack of such graphical constructions is understandable. Bouncing ball modes do not exist on circular domains but rather on elliptical domains. They do not exhibit a sharp bouncing ball property until the frequencies (or energy levels) become high. If one were to actually compute the eigenmodes and eigenvalues by the finite-element method, for example, one would encounter the difficulties of (i) laborious work of computer coding; (ii) loss of accuracy due to domain and boundary discretization; and (iii) large computer memory and CPU time required in order to reach some asymptotic regime and high resolution for the occurrence of bouncing ball modes, since the finite-element method can only compute eigenvalues in ascending magnitudes sequentially.
To say the least, this is a rather burdensome assignment.
As visualization constitutes an important component in modern computer assisted research, in this paper we undertake the task of plotting the graphics of some eigenmodes on an elliptical domain with the particular objective of drawing the profiles of whispering gallery and bouncing ball modes thereupon. We take the direct classical approach of separation of variables using Mathieu functions, and develop the requisite numerical software for computation. In our opinion, this approach eases a great deal of computer program coding yet surely generates the highest possible numerical accuracy. In the process we have also been able to observe the profiles of a new family of modes, tentatively named focusing modes herein, which are related to the focusing phenomenon by the two foci of the ellipse, and occur when the eigen-states are in transition from a whispering gallery mode to a bouncing ball mode.
We hope that the graphics obtained and the computational methods developed herein will be useful to others in the research of vibration and wave propagation. In [8] , K-R use the notation S S(h, cos0) for the Mathieu function, satisfying (2.9)
In our opinion, the choice of this notation S(h, cos0) is best corrected to S(h, O) because ,5' depends on 0 rather than cos 0. (As a matter of fact, K-R made an error in their calculations because of their choice of notation, as we will point out later.) From now on we will write S(h, O) instead.
Since cos 2 0 (cos 20 + 1)/2, we have (2.10)
Comparing (2.10) with (2.7), we get (2.11) 
The subscripts "e" and "o" are intended to signify the "evenness" and "oddness" properties. 
The corresponding modified Mathieu functions as solutions of (2.6) in Fig. 3 . Readers can clearly observe that prominent vibrations happen near the boundary 0f2, as indicated in Fig. 1 . In Fig. 3 (iv) As n increases past 19, we see the onset of the "bouncing ball" phenomenon. The eigenmodes become flatter and flatter on two strips along the major axis outside the interfocal line. In Fig. 8 , corresponding to n 28, the eigenmode manifests a pattern just as indicated in Fig. 2 . are also able to observe the focusing phenomenon in the sequence of computer graphics given in III.
The focusing phenomenon itself is quite well understood in classical optics. We first look at the case of a circular disk; see Fig. 11 . If a source is concentrated near the center of the disk, then a family of divergent rays passing through the center is reflected backward by the circle and converges at the center, forming a small area of high intensity. As eigenfunctions, such focusing modes on a disk are represented by
where J0 is the Bessel function of order 0, ,k0,n is the nth positive root of JoOo.n R) 0, R is the radius of the disk and the zero Dirichlet condition is assumed in effect in (P). We have plotted a focusing mode w(x) J0(,k0,20r) in Fig. 12 . Note that no caustics exist for a focusing mode. The focusing mode seems to be complementary to all other eigenmodes of the form (x) Jm(kmnr)e+im, m, n > 1, r Ix[ < R, 0 argx, which have angular dependence and a profile with a flat circular region around the center of the disk; see [4, . K-R's eigenvalue analysis is based upon the presence of caustics.
The presence of strong singularities such as foci has not been taken into account. Yet it is amazing to note that the derived equations [8, eqs. (23) and (26)] remain valid even for the focusing modes whereupon there are no caustics. A simple explanation offered here is that equations (23) and (26) in [8] remain valid because of analytic continuation. On an elliptical domain, the way in which rays converge at the foci is shown in Fig. 13 . Figure 7 is actually a "focusing mode." This is better explained if we make an "optical processing" of "filtering"" All the computer graphics in Figs. 3-12 are plotted using the resolution of 60 x 60 dots for 0 < 0 < 2zr and 0 < # < 2. Now for Fig. 7 , if we plot that eigenmode using a coarser resolution of 40 x 40 dots, then minor oscillations are obscured (i.e., filtered), and we obtain a new Fig. 14 for the same eigenmode, wherein one may clearly observe peaks near the foci area and where waves seem to converge. Therefore such a mode can rightfully be called a "focusing mode." Note that areas of concentration of this mode appear to be complementary to that of a bouncing ball mode.. Sharp peaks are found near the foci, suggesting the focusing of rays.
A detailed derivation of the formulas used in these calculations is contained in McLachlan 11 and useful formulas are also given by Abramowitz and Stegun ]. There are small differences between the formulas used in the calculations of the four classes of modified Mathieu functions. For simplicity, only the calculation of the Ce2n(z, q) function will be described in any detail. The similar formulas for the Ce2n+ (z, q), Se2n+l (z, q), and Se2n+2(z, q) functions can be found in [1] and [11] . In the present calculations of the modified Mathieu functions the Bessel function product series was summed until the magnitude of the ratio of the next term in the series to the partial sum was less than 10 -8 In general only five terms in the series were needed. The values of Ce2n(0, q) and ce2n(zr/2, q) required in (5.13) and (5.14) are determined from the series coefficients using (5.3). The Bessel function product series was evaluated for wide range of values of z and q. The results have been compared with the values tabulated by Kirkpatrick 10] and agreed to the accuracy of those computations. See Table 3 . As further checks on the validity of the calculations, the following result was tested numerically: (5.16) Ceo(z, -q) Ceo(z + irr/2, q), and was found to be satisfied. Finally, the modified equation was integrated numerically using initial conditions generated by the modified Mathieu functions subroutines. The results at the end of the range of integration were compared with the series approximations. The results agreed, for both the function and its derivative to 8 
